Throughout, we work in the category of connected pointed topological spaces which have the homotopy type of finite-dimensional CW -complexes. All maps and homotopies preserve base points. Here, it is convenient to ignore the distinction between a map and its homotopy class. Thus we ambiguously regard a map f : X → Y as an element of [X, Y ], the homotopy classes of maps from X to Y .
of type (A, n) (considered e.g. in [6] ), i.e. a simply connected space with a single non-vanishing reduced integral cohomology group A in dimension n. Section 1 establishes the basic framework. We recall a description of the set C(X) presented in [9] , where X is the suspension of a space. Then in Proposition 1.3 we present a formula for the set C(M (A, n) ∨ M (B, m)) and deduce that its description for m = 2n − 1 leads to a computation of the group [M (B, 2n−1), Σ(M (A, n−1)∧M (A, n−1))] for n ≥ 2. The Universal Coefficient Theorem for homotopy groups in [7] implies an exact sequence 0 → Ext(B, π 2n (X)) → [M (B, 2n − 1), X] → Hom(B, A ⊗ A) → 0, where X = Σ(M (A, n − 1) ∧ M (A, n − 1)).
In Section 2 we show first that there is an extension 0 → A ⊗ A ⊗ Z 2 → π 2n (X) → Tor(A, A) → 0 determined by the dual Steenrod square Sq 2 : H 2n+1 (X, Z 2 ) = 2 Tor(A, A) → H 2n−1 (X, Z 2 ) = A ⊗ A ⊗ Z 2 . In Corollary 2.2 we infer that [M (B, 2n−1), X] = Ext(B, π 2n (X))⊕Hom(B, A⊗A) provided the p-primary component of A ⊗ A is finitely generated and B is a cyclic group of order p m , and m > 1 or p > 2 and m = 1. Next we restrict the computation of the group [M (B, 2n − 1), X] to abelian groups A = A ⊕ T 2 (A) with T 2 (A ) = 0 and T 2 (A) a finitely generated group, where T 2 is the 2-component functor. In particular, from Corollaries 1.5 and 2.4 a description of C(M (A, n)) of a co-Moore space M (A, n), for n ≥ 3 and A as above, follows. If A is a finite direct sums k I k Z 2 k of cyclic 2-groups and B any abelian group we observe that [4] , [7, Chapter 12], so we may deduce that the group [M (B, 2n − 1), Σ(M (A, n−1)∧M (A, n−1))] can be computed for an abelian group A as above and B a direct sum of cyclic groups; in particular, for finitely generated abelian groups A and B.
1. Comultiplications. We begin by interpreting the set C(X) of comultiplications of X in terms of homotopy sets. If X is a cogroup with comultiplication φ then it induces a group structure (denoted multiplicatively) on the set [ 
for the induced maps. Then there is the following description of the set C(X) presented in e.g. [1, 3] . Proposition 1.1. If X is a cogroup then there is a split short exact sequence
There is another interesting link in [9] between the set of co-H-structures on a suspension and some sets of homotopy classes. Namely, let X 1 and X 2 be CW -complexes, Σ the suspension and Ω the loop functors. Then, by the Hilton-Milnor Theorem [10] , ΩΣ(X 1 ∨ X 2 ) is homotopy equivalent to the weak product * k≥1 ΩΣP ω k (X 1 , X 2 ), where ω k runs through a set of basic products for the set {1, 2}. The space P ω k (X 1 , X 2 ) has the homotopy type of the smash product X
, where, for any space X, X (α) is the smash product of α copies of X; the integer α i is just the number of occurrences of i in the word ω k for i = 1, 2. The homotopy equivalence is given by a map of the form * k Ωg k , where
is an iterated generalized Whitehead product which is associated with the basic product ω k . In particular, P 1 (X 1 , X 2 ) = X 1 , P 2 (X 1 , X 2 ) = X 2 and the maps g i : ΣX i → Σ(X 1 ∨ X 2 ) (i = 1, 2) are inclusions. All g k with k ≥ 2 are generalized Whitehead products involving both the first and second factors of Σ(X 1 ∨ X 2 ). Proposition 1.2 [9] . (a) There is a split short exact sequence
(b) The set C(ΣX) of comultiplications of the suspension ΣX is in oneone correspondence with elements of the group k≥2 [ΣX, ΣP ω k (X, X)].
If A is an abelian group and n an integer ≥ 2 then a Moore space of type (A, n) is a simply connected space M (A, n) with a single non-vanishing reduced homology group A in dimension n. In particular, M (A, n) is an (n − 1)-connected CW -complex and from its construction it follows that dim M (A, n) ≤ n + 1. By uniqueness of the Moore space we get M (A, n) = ΣM (A, n − 1) for n ≥ 2, where M (A, 1) is any connected space with a single non-vanishing reduced homology group A in dimension 1. In [1] it is shown that for n > 2 the set C(M (A, n)) has one element and for n = 2 it is in one-one correspondence with Ext(A, A ⊗ A). Throughout this section and the next one, for convenience, we denote the Moore space M (A, n) by A n in the proofs. Now let A and B be abelian groups, n, m ≥ 2 and X = M (A, n) ∨ M (B, m). If m = n then X = M (A ⊕ B, n) and the set C(X) is described in [1] . Therefore we may assume that 2 ≤ n < m.
) so from Propositions 1.1 and 1.2 we derive
is in one-one correspondence with the group:
P r o o f. By Proposition 1.1, the set C(A n ∨ B m ) is in one-one correspondence with the group ker j * , where 
Moreover, dim B m ≤ m + 1, so again by Propositions 1.1 and
there is a unique comultiplication determined by the natural pinching map for 2 < n < m.
(
is an isomorphism and the result follows from Proposition 1.3.
(b) If m = 2n − 2 then, by Propositions 1.2 and 1.
Hence the Eilenberg-MacLane space K(A⊗A, 2n−1) is the (2n−1)th stage of its Postnikov tower. Finally, 
But the space Σ(A 1 ∧A 1 ∧A 1 ) is 3-connected and On the other hand, for an abelian group A and an integer n ≥ 3, a simply connected space M (A, n) with a single non-vanishing reduced integral cohomology group A in dimension n is called a co-Moore space of type (A, n). In [6] it is shown that a co-Moore space of type (A, n) has the homotopy type of the wedge M (A , n − 1) ∨ M (A , n) of Moore spaces, for some abelian groups A , A with A = Ext(A , Z) ⊕ Hom(A , Z) and Hom(A , Z) = Ext(A , Z) = 0. Therefore Corollary 1.4 yields
(a) If n > 4 then on M (A, n) there is a unique comultiplication determined by the natural pinching map.
In the remaining part of the paper we describe the group [M (B, 2n − 1), Σ(M (A, n − 1) ∧ M (A, n − 1))] for some abelian groups A, B and n ≥ 2.
2. Restriction to abelian 2-groups. Let M (A, n) be the Moore space of type (A, n) for n ≥ 2 and X a simply connected pointed space. Then, by the Universal Coefficient Theorem for homotopy groups in [7] , we have the following exact sequence:
where η associates with a homotopy class the induced homomorphism on the nth homotopy groups. Note that we can easily derive the sequence above from the cofibre sequence for some map of wedges of spheres. In particular, if X is the Moore space M (B, n) of type (B, n) then by [5] , π n+1 (M (B, n)) = Γ(B) for n = 2 and π n+1 (M (B, n)) = B ⊗ Z 2 for n ≥ 3, where Γ is the Whitehead quadratic functor. Thus we get the following short exact sequence:
For the reduced integral homology groups of the space Σ(M (A, n − 1) ∧ M (A, n − 1)), from the Künneth formula, we derive
otherwise.
From the homology decomposition in [7, Chapter 8] it follows that the space Σ(M (A, n − 1) ∧ M (A, n − 1)) has the homotopy type of the mapping cone M (A⊗A, 2n−1)∪ τ c(M (Tor(A, A) , 2n−1)) of a homologically trivial map τ : M (Tor(A, A), 2n−1) → M (A⊗A, 2n−1). Thus by the Universal Coefficient Theorem for homotopy groups it follows that the map τ is determined by an element of the group Ext(Tor(A, A), A ⊗ A ⊗ Z 2 ). Subsequent results require some lemmas and comments. Let X be a CW -complex and X (n) its nth skeleton for n ≥ 0. We define Γ n (X) = im(π n (X (n−1) ) → π n (X (n) )). There is then ( [7, Chapter 8] ) the exact Whitehead sequence
where µ is the Hurewicz homomorphism, λ is induced by inclusion and ν by the homotopy boundary π n+1 (X (n+1) , X (n) ) → π n (X (n) ). Let Sq 2 : H n+2 (X, Z 2 ) → H n (X, Z 2 ) be the dual Steenrod square. We point out that for the existence of this map, which is dual to a map of linearly compact vector spaces, we do not need to require that X is of finite type.
Recall from [7, Chapter 8] that an A 2 n -polyhedron is an (n−1)-connected, (n + 2)-dimensional polyhedron for n > 2. In particular, the space X = Σ(M (A, n−1)∧M (A, n−1)) is an A 
is the Bockstein map to the subgroup of H n+1 (X, Z) consisting of elements of order 2.
In particular, if X = Σ(M (A, n − 1) ∧ M (A, n − 1)) then there is an exact sequence 0 → A ⊗ A ⊗ Z 2 → π 2n (X) → Tor(A, A) → 0 and the group π 2n (X) is determined by a map χ : 2 Tor(A, A) → A ⊗ A ⊗ Z 2 such that χ∂ = Sq 2 . But H 2n+1 (X, Z 2 ) = Tor(H 2n (X, Z), Z 2 ) = Tor(Tor(A, A), Z 2 ) = 2 Tor(A, A) so the Bockstein map ∂ is the identity on the group 2 Tor (A, A) . Thus π 2n (X) is determined by the map Sq 2 :
2 Tor(A, A) → A ⊗ A ⊗ Z 2 . Now if B is another abelian group then from the Universal Coefficient Theorem for homotopy groups we have the following short exact sequence:
In particular, from [7, Chapter 12] we infer In particular, let B be an infinite cyclic group or of order p m , where p is a prime and m ≥ 1. Then from the Universal Coefficient Theorem for homotopy groups and [7, Chapter 8] we derive
where p m (A ⊗ A) is the subgroup of A ⊗ A consisting of elements annihilated by p m . More generally, we have
for any abelian group B.
P r o o f. As in the previous section, we write A n for the Moore space M (A, n). Then observe that
is a finite abelian group and Ext(B, Z) = 0, i.e. B is a Whitehead group. Then
and we get the following complement of Corollary 1.5.
In the sequel we compute this group if T 2 (A) is a finitely generated abelian group (i.e. a finite direct sum of cyclic 2-groups) and B = Z 2 m . Then we obtain a description of the group [M (B, 2n − 1), Σ(M (A, n − 1) ∧ M (A, n − 1))] for A = A ⊕ T 2 (A) with T 2 (A ) = 0 and T 2 (A) a finitely generated abelian group, and B a direct sum of cyclic groups; in particular, for finitely generated abelian groups A and B.
On the other hand, if A = k I k Z 2 k is a finite direct sum of cyclic 2-groups and B an abelian group then M (A, n−1)
3. Cyclic 2-groups. Write X = Σ(M (Z 2 k , n − 1) ∧ M (Z 2 l , n − 1)). The aim of this section is to compute the group [M (Z 2 m , 2n−1), X] for 1 ≤ k ≤ l and m ≥ 1. In the sequel some cohomology groups of the spaces involved will be needed. Observe that by the Universal Coefficient Theorem,
be the generator and β r the rth power Bockstein operation [8, Chapter 7] . Then β k (ι
(a) If k = l = 1 then the action of the Steenrod algebra A 2 on H * (X, Z 2 ) is given by the formulae:
Otherwise the action of the Steenrod algebra A 2 and higher power Bockstein operations on H * (X, Z 2 ) are given by the formulae: β r (a 2n−1 ) = 0 for r < k, β k (a 2n−1 ) = a 2n , β r (a 2n ) = 0 for r < k, β k (a 2n ) = a 2n+1 and Sq 2 (a 2n−1 ) = 0.
is stable, so by the Cartan formula the result follows.
(b) From the long exact cohomology sequence
But im(δ) = ker(×2) = 2 k−1 Z 2 k so δ(e) is divisible by 2 k−1 , where e ∈ Z 2 is the non-zero element. Thus by [8, Chapter 7] we get β r (a 2n−1 ) = 0 for r < k and β k (a 2n−1 ) = a 2n . The pair (a 2n , a 2n ) is a basis for H 2n (X, Z 2 ) so δ(a 2n ) = 2 k−1 e and β r (a 2n ) = 0 for r < k, and β k (a 2n ) = a 2n+1 . Moreover, by the Cartan formula, 
